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Propagation of gravitational waves in an expanding background in the presence of a
point mass
I. Antoniou,1, ∗ D. Papadopoulos,2, † and L. Perivolaropoulos1, ‡
1Department of Physics, University of Ioannina, GR-45110, Ioannina, Greece
2Department of Physics, University of Thessaloniki, Thessaloniki,54124, Greece
(Dated: October 6, 2016)
We solve the Laplace equation hij = 0 describing the propagation of gravitational waves in an
expanding background metric with a power law scale factor in the presence of a point mass in the
weak field approximation (Newtonian McVittie background). We use boundary conditions at large
distances from the mass corresponding to a standing spherical gravitational wave in an expanding
background which is equivalent to a linear combination of an incoming and an outgoing propagating
gravitational wave. We compare the solution with the corresponding solution in the absence of the
point mass and show that the point mass increases the amplitude of the wave and also decreases its
frequency (as observed by an observer at infinity) in accordance with gravitational time delay.
PACS numbers: 04.30.Nk,04.30.-w
I. INTRODUCTION
The theoretical prediction of gravitational waves
(GWs) originates in 1893 when Heaviside first discussed
the possibility of their existence. In 1916 Einstein pre-
dicted their existence [1, 2] in the context of general rel-
ativity. In the linearized weak-field approximation, he
found that his equations had transverse wave solutions
travelling at the speed of light [3] produced by the time
dependence of the mass quadrupole moment of the source
[4]. Einstein realized that GW amplitudes would be small
and up until 1957, there was debate about the physical
relevance of their existence [5].
Nevertheless, the discovery of the binary pulsar system
PSR B1913+16 by Hulse and Taylor [6] and subsequent
observations of its energy loss by Taylor and Weisberg
[7] demonstrated indirectly the existence of GWs. This
discovery, along with subsequent related analysis [8], led
to the recognition that a possible direct detection and
analysis of GWs could reveal interesting properties of
various relativistic systems and could also provide new
tests of general relativity, especially in the strong-field
regime.
Recently, Abbot et al [9, 10], reported the first direct
detection of GWs emitted by a binary black hole (BBH)
system merging to form a single black hole (BH). Their
observation provides a direct window to the properties
of space time in the strong-field limit and is consistent
with predictions of general relativity for the nonlinear
dynamics of highly disturbed BHs. The announced
beautiful discovery is the result of great efforts for
a century by several scientists [10] (and references
therein). It is a great investigation, because we have
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now one more window to the Universe and one more
confirmation of the theory of general relativity. Such
GW observations can be used to test the equivalence
principle [11–14], test the propagation of GWs [14–21],
test the validity of general relativity [22–24], constrain
early cosmological phase transitions [25, 26], probe the
quantum structure of black holes [27] or the connection
between dark matter and primordial black holes [28–30].
The recent direct discovery of the GWs has been
achieved by the LIGO/Virgo collaboration associating
the GW 150914 event [9, 10, 31] to the coalescence of a
BBH. This binary detection suggests that BBH masses
and merging rates may be higher than estimated previ-
ously. The rates however, are in agreement with more
recent estimates, obtained with a population synthesis
approach, predicting the early formation of detectable
BBH [32, 33]. Thus, the stochastic gravitational waves
background (SGWB) produced by merging cosmological
BBH sources could be larger than previously assumed
[31] (and references therein) and may be detectable by
advanced detectors [34].
A stochastic background of relic gravitational waves
(RGWs) is predicted by inflationary models [35, 36] and
has been well studied [37, 38]. The power spectrum of
relic gravitational wave background reflects the physical
conditions in the early Universe thus providing valuable
information for cosmology [39]. This spectrum is deter-
mined by the early stage of inflation as well as by the
expansion properties of the subsequent epochs, includ-
ing the current one. The calculation of the spectrum
[40, 41] was initially performed for a currently deceler-
ating universe. However, it is now well known that the
universe expansion is currently accelerating [42, 43] and
since the evolution of RGWs depends on the expanding
background space time, the spectrum of RGWs should be
modified accordingly. This modification was confirmed
and studied in Refs [44, 45] using the well-known for-
2mulation of GWs in an expanding Universe [46] and an
approximation of the scale factor a(τ) in the context of
a sequence of successive expansion epochs, including the
current stage of accelerating expansion. It was found
that the current accelerating expansion induces modifi-
cations in both the shape and the amplitude of the RGW
spectrum.
Since existence of RGWs is a key prediction of the in-
flationary models, their detection could provide evidence
that inflation actually took place. Thus, it is important
to accurately calculate the expected detailed form of
the RGW spectrum. Calculations related to RGWs in
an accelerating Universe have been performed [47] and
a numerical method has been developed to calculate the
power spectrum of the RGWs. Late evolution of RGWs
in coupled dark energy models has been examined
extensively in Ref. [48].
Even though the effects of cosmological expansion
on GWs have been investigated mainly in the context
of RGWs, these effects are relevant in all cases when
the source is located at cosmologically large distances
from the observer (redshift z ≥ 0.1). The GW 150914
(z = 0.09) event is in the limit of such distances and
therefore, the effects of cosmic expansion may be rele-
vant. Thus a wide range of studies have investigated the
effects of cosmological expansion of GWs from a variety
of viewpoints including the effects of expansion on the
GW group and phase velocities [49, 50], mathematical
aspects and exact solutions [51–55], quantum and
thermodynamic properties of GWs [17],[56], general
properties [54, 57, 58] nonlinear effects [59], properties
of the GW energy momentum tensor [60], collision of
GWs with electromagnetic waves [61], evolution of GWs
in gravitational plasma [62] etc .
Even though these studies have properly taken into
account the expansion of the background metric, they
have not taken into account the effects of the gravita-
tional field of mass distributions on the evolution of the
GWs. Such a gravitational field combined with the ex-
panding background may induce new observable effects
on the spectrum of propagating gravitational waves af-
fecting the amplitude and the frequency of such waves
(due to gravitational time delay) [63].
Assuming spherical symmetry, the background met-
ric around a point mass embedded in an expanding
Friedmann-Lemaitre-Robertson-Walker(FLRW) cosmo-
logical background is well approximated by the McVittie
[64, 65] spacetime. Such a metric is further simplified in
the Newtonian limit and has been used as the background
metric for the investigation of bound system geodesics
in phantom and quintessence cosmologies [66–69]. This
metric can also be used as a background for the propa-
gation of GWs in order to investigate the influence of a
mass distribution of a GW propagating in an expanding
cosmological background.
In the present analysis we address the following ques-
tion: ’What are the weak field effects of a point mass on a
multipole spherical wave component of a GW evolving in
an expanding background in the vicinity of the mass?’. In
particular we numerically solve the dynamical equation
for the evolution of GWs in the background of the New-
tonian McVittie metric and identify the effects induced
by the point mass on the amplitude and frequency of the
evolving GW as a function of the parameters determin-
ing the mass for fixed background expansion rate. As a
test of our analysis, in the zero mass limit, our numerical
solution reduces to the well known analytic solution of a
GW evolving in an expanding background.
The structure of this paper is the following: In the next
section we review the wave equation and the behavior
of the GW in a homogeneous-isotropic expanding back-
ground. We also derive the gravitational wave equation
in a background metric corresponding to the Newtonian
limit of the McVittie metric. In section III we solve
numerically the wave equation in the Newtonian McVit-
tie background and identify the new features induced in
the GW by the presence of the point mass. Finally in
section IV we conclude, summarize and discuss possible
extensions on this analysis.
II. GRAVITATIONAL WAVES IN EXPANDING
UNIVERSE IN THE PRESENCE OF POINT
MASS
We first briefly review the propagation evolution of a
plane GW in the zˆ direction (the direction of the wavevec-
tor ~k) with tensor perturbations in the x− y plane. The
perturbations to the metric are described by two func-
tions, h+ and h×, assumed small. We use the FRW met-
ric in cartesian coordinates with the components g00 = 1,
zero space-time components g0i = 0, and set c = 1. The
spatial part of the metric is of the form:
gij = −a2(t)

1 + h+ h× 0h× 1− h+ 0
0 0 1

 (2.1)
The perturbation tensor Hij is symmetric, divergence-
less, traceless and has the form:
Hij =

h+ h× 0h× −h+ 0
0 0 1

 (2.2)
From the Einstein equations for tensor perturbations, it
is easy to derive a set of equations governing the evolution
of the tensor variables h+ and h×. We write the FRW
metric in cartesian coordinates and in conformal time τ
(defined by dt = adτ), in the form
ds2 = a2(τ)[dτ2 − (δij +Hij)dxidxj ] (2.3)
The dynamical equation determining the evolution of the
GWs is of the form:
Hij = ∂µ(
√−g∂µHij(~r, τ)) = 0 (2.4)
3Since all components of the tensor perturbations evolve
in accordance with the same wave equation (2.4) we may
set Hk ≡ Hij . Without loss of generality we assume
propagation in the z direction and thus we use the ansatz:
Hk(τ, z) = hk(τ)e
±ikz (2.5)
Using eq. (2.5) in (2.4) we find the dynamical equation
for the evolution of gravitational waves in conformal time
in an FRW background as
h′′k + 2
a′
a
h′k + k
2hk = 0 (2.6)
where the prime ′ denotes the derivative with respect to
conformal time. Notice that all of the perturbation tensor
components obey the same equation. We introduce a
rescaling of conformal time as τ¯ = kτ and thus it becomes
clear that
hk(τ) = h(kτ) (2.7)
The rescaling expressed by eq. (2.7) can only be made in
conformal time provided that the scale factor is a power
law a(τ) ∼ τα. In the radiation dominated epoch we
have α = 1 and during the matter dominated era α =
2. The wave solution (2.5) can be written in spherical
coordinates as:
Hk(τ, ρ, θ) = h(kτ)e
±ikρ cos θ (2.8)
The spectrum of the GWs may be obtained as [70]:
P (k, τ) =
4 lPl√
π
k | h(kτ) | (2.9)
where lPl ∼
√
G is the Planck length. The plane wave of
equation (2.8) can be expanded in spherical waves as:
eikρ cos θ =
∞∑
l=0
il(2l+ 1)jl(kρ)Pl(cos θ) (2.10)
where jl(x) are the spherical Bessel functions and
Pl(cos θ) are Legendre’s polynomials. Thus, the partial
spherical GW is (at order l)
Hij(τ, ρ, θ) ∼ h(kτ)jl(kρ)Pl(cos θ) (2.11)
After rescaling, the dynamical equation (2.6) is written
as:
h′′(kτ) + 2
a′
a
h′(kτ) + h(kτ) = 0 (2.12)
where the prime ′ now denotes differentiation with re-
spect to the rescaled conformal time kτ .
Assuming a power law for the background scale factor
as a(τ) ∼ τα, the solution of the wave equation (2.12)
can be written in terms of incoming and outgoing waves
(Hankel functions) as
h(kτ) =
1
a(τ)
(A˜k
√
kτH
(1)
α−1/2(kτ) + B˜k
√
kτH
(2)
α−1/2(kτ))
(2.13)
where H(1), H(2) are the Hankel functions and A˜k, B˜k
are arbitrary constants which may depend on k and are
determined by the initial conditions. This solution may
also be written in terms of standing waves as
h(kτ) = (kτ)
1
2
−α(AkJα−1/2(kτ) +BkYα−1/2(kτ))
(2.14)
where J ,Y are the Bessel functions of first and second
kind respectively and Ak = A˜kk
α, Bk = B˜kk
α. Thus,
for a power law scale factor the spherical GW is
Hk(τ, ρ, θ) = (kτ)
1
2
−α(AkJα−1/2(kτ) +BkYα−1/2(kτ))
jl(kρ)Pl(cosθ) (2.15)
As a warm up exercise before the introduction of a
point mass in the metric, we now rederive the solution
(2.14), (2.15) starting from the FRW metric in spherical
coordinates
ds2 = a(τ)2{dτ2 − [dρ2 + ρ2(dθ2 + sin2 θdφ2)]} (2.16)
Because of the azimuthal symmetry, the solution
doesn’t depend on the variable φ we will seek solutions
of the Eq. (2.4) of the form
Hk(τ, ρ, θ, φ) = f(τ)R(ρ)Pl(cosθ) (2.17)
From the Eqs. (2.4),(2.17), after separation of variables
we find
1
R
[
d2R
dρ2
+
2
ρ
dR
dρ
− l(l+ 1)
ρ2
] = −k2 (2.18)
and
1
f
[
d2f
dτ2
+
2a′
a
df
dτ
] = −k2 (2.19)
where k2 is arbitrary constant. As expected eq. (2.19)
is identical to eq. (2.6) while eq. (2.18) is the spherical
Bessel equation with acceptable solution
Rl(ρ) = Aljl(kρ) (2.20)
We thus reobtain the general solution in spherical coor-
dinates (2.15).
We can now generalize the above analysis to investi-
gate the behavior of GWs when they interact with a point
mass M . In the presence of a point mass and cosmologi-
cal expansion, the appropriate background metric is the
McVittie metric. In the Newtonian limit, using comoving
coordinates the McVittie metric is [67, 71]:
ds2 = (1− Rs
ρa(t)
)dt2 − a(t)2[dρ2 + ρ2(dθ2 + sin2 θdφ2)]
(2.21)
where Rs = 2GM . The angular variable θ separates and
thus we use the perturbation ansatz
Hk(t, ρ, θ, φ) = Q(t, ρ)Pl(cosθ) (2.22)
4FIG. 1. a: A superposition of the analytic solution with the numerical simulation initial condition taken at τ = 1. The spherical
wave with l = 6 and scale factor a(τ ) = τ is shown. b: The numerically evolved solution (dashed red line) for the gravitational
wave Q(τ, ρ) at τ = 16.5 with Rs = 0, is in excellent agreement with the corresponding analytic evolved solution (blue line).
This is a test of the quality of the numerical solution.
Using the background metric (2.21) and the ansatz
(2.22) in the gravitational wave equation (2.4) we obtain
the dynamical equation for Q(t, ρ) as
∂2Q
∂ρ2
+
2
ρ
(1− 3Rs
4aρ
)(1− Rs
aρ
)−1
∂Q
∂ρ
− l(l+ 1)Q
ρ2
=
a2
1− Rsaρ
[
∂2Q
∂t2
+
3a˙
a
(1− 7Rs
6aρ
)(1 − Rs
aρ
)−1
∂Q
∂t
] (2.23)
Assuming that
Rs
aρ
≪ 1 (2.24)
and keeping terms Rs/aρ only in first order we can write
eq. (2.23) in conformal time as
(1 +
Rs
aρ
)
∂2Q
∂τ2
+
2a′
a
(1 +
3Rs
4aρ
)
∂Q
∂τ
=
∂2Q
∂ρ2
+
2
ρ
(1 +
Rs
4aρ
)
∂Q
∂ρ
− l(l+ 1)Q
ρ2
(2.25)
Eq. (2.25) is not separable and it is not tractable an-
alytically in a simple manner. As expected, in the limit
of zero mass it separates and reduces to eqs. (2.18) and
(2.19).
In the next section we integrate eq. (2.25) numerically
and investigate the dependence of the solution on the
values of the parameter Rs. It will be seen that as the
wave approaches the point mass it experiences two types
of distortion
• gravitational time delay and increase of its period
in conformal cosmological time.
• Its amplitude increases in comparison to the am-
plitude it would have in the absence of the point
mass.
According to general relativity the expected period of
the wave at a comoving distance ρ from the point mass,
as measured by an observer at infinity, is
T =
T0√
1− Rsaρ
(2.26)
where T0 is the corresponding period at infinity (or in the
absence of the mass). For small mass or large distance
from the source the increase of the period is
∆T
T0
=
1
2aρ
Rs (2.27)
where ∆T = T − T0 is the difference of the wave periods
with and without the presence of the mass. The validity
of eq. (2.27) for the GW in the vicinity of a point mass
will be demonstrated numerically in the next section.
III. NUMERICAL ANALYSIS
In order to keep the analogy with the massless case
Rs = 0 we rescale the dynamical equation (2.25) to
dimensionless form using the wavenumber k defining
kρ = ρ¯, kτ = τ¯ . In this case we have an additional
physical dimensionless parameter:
R¯s = kRs (3.1)
In the numerical analysis that follows we only use dimen-
sionless quantities even though we will omit the bar in
what follows.
We solve numerically eq. (2.25) with initial conditions
corresponding to a standing gravitational wave evolving
in a homogeneous FRW spacetime (Rs = 0) using eq.
(2.14) with Bk = 0 starting the evolution at τ = 1. This
is equivalent to assuming that the point mass appears
5FIG. 2. The evolution of the profile of a partial spherical gravitational wave with l = 6, Rs = 5 (red dashed line) in comparison
with the corresponding free solution (Rs = 0, blue continuous line). The free wave reaches its maximum first (Fig. 1b) while
the wave in the presence of the point mass shows a delay in reaching its maximum (Fig. 1c) due to gravitational redshift.
The wave in the presence of the mass has a higher amplitude (compare 1b with 1c) in the vicinity of the mass and the phase
difference increases with time in the vicinity of the mass (Fig. 1d).
at τ = 1. For definiteness we set α = 1 or a(τ) ∼ τ
corresponding to an expanding background in the radi-
ation era. The boundary conditions are imposed for Q
and for its first derivative at large ρ where the effects
of the point mass are negligible and also correspond to a
standing GW evolving in a homogeneous FRW spacetime
(Rs = 0) using eq. (2.14) with Bk = 0.
The Bessel function boundary condition (2.14)-(2.15)
we have used for the wave equation at large distance from
the source, describes a standing GW which however can
be expressed as a superposition of two propagating modes
(Hankel functions). The asymptotic behaviour of Hankel
functions, which is proportional to eiτ , corresponds to a
propagating GW, while the asymptotic behavior of Bessel
functions is proportional to cos(τ) and corresponds to a
standing GW.
We stress that since we have made the Newtonian ap-
proximation our results are reliable in regions where the
weak field condition (2.24) is satisfied.
We thus construct numerically the solution
Q(ρ, τ, Rs, l, α) and compare with the correspond-
ing analytical solution Q(ρ, τ, Rs = 0, l, α). We have
tested our numerical evolution by verifying that the
numerical solution for Rs = 0 agrees with the corre-
sponding analytical solution at a level better that 1%
(Fig. 1).
Following the above comments about the boundary
condition we fix Q (and its derivative) at the boundary
ρend > 500 using eq. (2.15) with α = 1, Ak = 1 and
Bk = 0 as
Q(τ, ρbound) =
√
2
π
sin(τ)
τ
jl(ρbound) (3.2)
Similarly, the initial conditions set at τi = 1 are:
Q(τi, ρ) =
√
2
π
sin(τi)
τi
jl(ρ) (3.3)
and
∂Q(τi, ρ)
∂τ
=
∂
∂τ
[
√
2
π
sin(τ)
τ
jl(ρ)]|τ=τi (3.4)
In addition to the test of the validity of numerical solu-
tion presented in Fig. 1 we have performed other tests
including the verification of the independence of the nu-
merical solution from the location of the boundary for
ρbound > 200.
6We have solved the partial differential equation (2.25)
for various values of l with results that are qualitatively
similar. For definiteness we present in Fig. 2 the solution
corresponding to l = 6 for Rs = 5 superposed with the
corresponding solution for Rs = 0 in order to identify the
new features introduced in the evolution of the GW by
the presence of the point mass.
There are three main features to observe in Fig. 2.
First, the waves are practically identical far away from
the point mass as expected. Second, there is a time delay
for the wave in the presence and in the vicinity of the
point mass (Fig. 2b upper right). Third, the amplitude
of the wave in the presence and in the vicinity of the
mass increases (compare Fig. 2b (upper right) with Fig.
2c (lower left)).
The main effect of the expansion is to reduce the ampli-
tude of the gravitational wave by a factor proportional to
the scale factor in the absence of the mass. This is shown
in Fig. 3 which shows that the amplitude multiplied by
the scale factor remains constant in the absence of the
mass (blue oscillating line has constant amplitude) for
the particular time dependence of the scale factor con-
sidered (a(τ) ∼ τ). In the presence of the mass however,
the decrease of the amplitude due to the expansion is
less efficient (red line) and the product of the amplitude
times the scale factor increases slowly with time.
The gravitational wave time evolution shown in Fig.
3 corresponds to ρ = 7.9 (closest maximum amplitude
to the mass for l = 6) for Rs = 5 (red dashed line)
and is superposed with the corresponding evolution for
Rs = 0 (blue continuous line). This plot demonstrates
the relative (linear) increase of the amplitude with time,
as well as the increased period of the wave in the presence
of the mass. It also demonstrates (as discussed above) the
well known fact that the wave amplitude in the absence
of the mass (Rs = 0) is inversely proportional to the scale
factor (the blue wave has a constant amplitude).
The effects of the gravitational time delay on the evo-
lution of the wave may also be demonstrated by plotting
the power spectrum obtained by a Fourier series expan-
sion of the evolving in conformal time numerical solution
at ρ = 7.9 in harmonic waves.
The finite time interval power spectrum may be defined
through the expansion
Q(τ, ρ) =
a0
2
+
n∑
i=1
(an cos(nτ) + bn sin(nτ)) (3.5)
as
P (n) ≡ log
√
a2n + b
2
n (3.6)
We used a time interval of approximately two com-
plete oscillations which corresponds to a time interval
τ ∈ [1, 20] (τi = 1, τmax = 20 as shown in Fig. 4).
As shown in Fig. 4 the presence of the mass (red con-
tinuous line) leads to an increase of the amplitude of
low harmonics and decrease of the amplitude of higher
FIG. 3. The time evolution of the first spatial maximum
(at ρ = 7.9) of the partial spherical wave with l = 6, Rs = 5
(red line) in comparison with the corresponding free solution
(Rs = 0, blue continuous line) at the same spatial point. The
free wave reaches its maximum first (Fig. 2b) while the wave
in the presence of the point mass shows a delay in reaching
its maximum (Fig. 2c) due to gravitational redshift. The
wave in the presence of the mass has an amplitude that in-
creases with time as indicated with the dashed red line that
in tangent to the gravitational wave maxima. As expected,
the product a(τ )Q(τ ) is constant for the free wave in an ex-
panding background.
harmonics which is consistent with the effects of grav-
itational time delay. The exact form of the spectrum
clearly depends on the time interval considered, however
the qualitative feature of higher amplitudes for lower fre-
quencies persists for all time intervals. This feature is
more prominent for lower values of ρ.
In accordance with eq. (2.27) the increase of the pe-
riod of the wave at a given distance from the mass is
FIG. 4. The time power spectra of the gravitational wave in
the presence (red line) and in the absence (blue line) of the
mass. Notice that lower frequencies have a higher amplitude
for the wave in the presence of the mass as expected due to
the gravitational time delay.
7FIG. 5. The relative difference of the wave periods ∆T/T0,
where T is the period in the presence of mass and T0 is the
period in the absence of mass, as a function of Rs. It is clear
that as the value of the variable ρ increases, the statistical
slope of the curve decreases. This is an anticipated result due
to theoretical slope of the curve 1
2aρ
.
proportional to the mass in the weak field approxima-
tion. This is consistent with our numerical solution as
shown in Fig. 5 where we show the relative increase of
the period of the wave ∆T/T0 at given distances ρ from
the mass (ρ = 7.9 and ρ = 15.89) for various values
the parameter Rs (points in plot). In order to evaluate
the relative change of the period ∆T/T0 we use the time
evolution of the wave perturbation as shown in Fig. 3
to obtain the period of the wave in the presence of the
mass and the corresponding period in the absence of the
mass. Superposed in Fig. 5 is the best fit straight line in
each case. As is theoretically expected there is a linear
relationship in accordance with eq. (2.27). The correla-
tion coefficients of the points with the corresponding best
fit straight line are equal to 0.99 indicating an excellent
quality of fit.
The theoretically predicted slope is 12aρ where the scale
factor can be taken as approximately constant and equal
to its average value during the wave period used to eval-
uate ∆T/T0.
In order to estimate the theoretical value of the scale
factor, we calculate the mean value a¯(τ), in the time
interval τ1 − τ2 of a single period, through the formula:
a¯(τ) =
1
τ2 − τ1
∫ τ2
τ1
a(τ)dτ =
τ2 + τ1
2
(3.7)
The observed deviations by about 20% between theoret-
ically expected slope and numerically obtained can be
attributed to the approximations we have made which
include, the weak field assumption (Rs ≪ aρ while in
the cases considered Rsaρ ≤ 0.1), the assumed constant
scale factor for the evaluation of the slope etc. As shown
in Figs 2 and 3 the amplitude of the wave also increases
as the point mass is approached. A quantitative estimate
of this effect is shown in Fig. 6 where we show the ratio
of the amplitudes of the waves A/A0 in the presence of a
mass (A) and in the absence of the mass (A0) for various
values of the parameter Rs, when ρ = 7.9 and ρ = 15.89.
The best fit straight line is also superposed on the points
showing that a linear relationship between A/A0 and Rs
is a good approximation. The amplitude increases up to
10% when ρ = 7.9 and Rs = 10, while for ρ = 15.89 and
the same value of Rs, the increase is about 5%. Thus
the amplitude increase appears to vary inversely propor-
tional with ρ which is consistent with the fact that the
GW gains energy as it enters regions of space with higher
curvature.
IV. CONCLUSION
The effects of a point mass on a GW evolving in an ex-
panding universe are determined by the mass M and the
physical distance aρ of the wave from the mass through
the expression Rsaρ ≡ 2GMaρ . In the context of a pertur-
bative weak field analysis we have demonstrated that a
point mass tends to increase the amplitude and the pe-
riod of the GW linearly with respect to Rsaρ . This result is
consistent with expectations based on gravitational time
delay and energy considerations.
Even though our numerical results were presented for
the special case of a radiation dominated cosmological
background (a(τ) ∼ τ) and a specific multipole com-
ponent of the wave (l = 6) we have checked that their
qualitative features persist for all multipole components
and cosmological backgrounds provided that the weak
field condition (2.24) is respected. Thus, even though
we have considered specific spherical waves in this anal-
ysis, we anticipate that our results can also describe a
plane wave when expressed as a superposition of spheri-
cal waves.
The time slicing we considered corresponds to the co-
ordinate time of the particular metric we used. This co-
FIG. 6. The ratio of the amplitudes of the waves A/A0 in the
presence of a mass (A) and in the absence of the mass (A0) as
a function of the parameter Rs, when ρ = 7.9 and ρ = 15.89.
8ordinate time is particularly interesting and generic as it
corresponds to the proper time of a static observer lo-
cated far away from the point mass or in the absence
of the point mass. This is the standard cosmic observer
whose observations are consistent with the cosmological
principle. Clearly a different choice of time slicing would
correspond to a different observer and would lead to a
different metric and thus different results.
From the results shown in Fig. 5 and Fig. 6, we con-
clude that T = T0(1 + µRs) and A = A0(1 + νRs) where
µ and ν are the slopes of the curves which are approxi-
mately equal. Thus we have demonstrated that the en-
ergy density of GWs which is proportional to ω2A2 has a
weak dependence on Rs in the context of our weak field
approximation as long as the slopes µ and ν are approx-
imately equal.
Our result has interesting implications for the calcu-
lation of the RGW spectrum which currently assumes
[72–77] a smooth homogeneous cosmological background
and ignores the presence of mass concentrations which
as shown in the present analysis would tend to modify
both the magnitude and the shape of this spectrum. A
proper stochastic analysis including the effects of mass
concentrations on the relic GW spectrum is therefore an
interesting extension of the present work.
A distortion of the RGW spectrum is expected due to
the presence of point masses on various scales due to the
increase of each mode amplitude and decrease of each
mode frequency. The effect will be stronger in regions
of higher mass concentrations. On scales larger than the
galactic scales the role of the point mass could be played
by a galaxy while on scales of the solar system the role
of the point mass could be played by a planet. In the
solar system the effect is expected to be rather weak and
beyond the sensitivity of current experiments.
An additional interesting extension could be the drop
of the weak field approximation and the use of the full
McVittie metric [64] for the study of GW evolution in an
expanding background and in the vicinity of a black hole
allowing for strong gravitational field.
Even though our numerical analysis has been well
tested and provides detailed quantitative information on
the GW evolution in the presence of expansion and a
point mass, an analytical perturbative solution describ-
ing this evolution would provide further physical insight
and appears to be a tractable useful extension of the
present work.
Numerical Analysis Files: The mathematica files
used for the production of the figures, as well as the fig-
ures may be downloaded from here or upon request from
the authors.
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